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Asymptotic properties of OLS estimators

Using asymptotic properties, it is possible to show that:
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Assumptions of homoskedasticity and heteroskedasticity

Up to now, our only assumptions in the regression model have been:

e (i) that our sample is random (i.i.d.),

e (ii) the linear relationship between Y; and X;.

The homoskedasticity assumption states that the conditional variance of
the errors is constant (i.e., it does not change with the level of X).

e This assumption is restrictive; however, it is not necessary in order

to conduct inference.
If instead we assume heteroskedasticity:

e It is not necessary to assume that the variance of the errors is

constant.
e We can estimate the variance of the coefficients with the sample

analog of a¥d/.



The heteroskedasticity case

To obtain a consistent estimator of aX.a’ it is enough to use:
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The homoskedasticity case

In the homoskedasticity case, we assume that the variance of the errors
given X; is constant:

Var(Ui|X;) = E(U?|X;) = o? (6)
Applying this assumption to the second factor of the variance:
E(UIXiX[) = E(E(UFIX)XiX) = o E(X;X]) (7)
Therefore, the variance o>’ reduces to:
aXad = E(X: X)L E(X X)) E(X: X)) = a?E(X X)) (8)

Since E(U?) is a consistent estimator of 02, to obtain a consistent
estimator of the variance we only need:
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The Frisch-Waugh-Lovell (FWL)
Theorem



The Frisch-Waugh-Lovell (FWL) Theorem

e The Frisch-Waugh-Lovell (FWL) Theorem is a key result in
econometrics.

e It shows the equivalence between coefficients in a multiple regression
and a series of partial regressions.

e It is useful for understanding how to control for certain variables
while estimating others.



Statement of the Frisch-Waugh-Lovell Theorem

e The Frisch-Waugh-Lovell Theorem states that in a multiple
regression:

Y = X181+ XoB2 + €

e The coefficients for 31 can be obtained in three steps:

1. Run the regression of Y on X, and obtain the residuals €y = ML Y.

2. Run the regression of each column of X; on X> and obtain the
residuals M5 X;.

3. Run the regression of €y on M>X; to obtain Bi.

e Formally:

BAl from Y = X151+ Xo82+¢€ is equal to Bl from M,Y = M, X;31+residuals



The Frisch-Waugh-Lovell (FWL) Theorem

e The Frisch-Waugh-Lovell Theorem shows how to separate the effects
of different groups of variables in a multiple regression model.

e It allows us to isolate the impact of a set of independent variables
(X1) on the dependent variable (y), by first removing the influence
of another set of control variables (X>).

e This "partialling out” implies that we can understand how the
variables of interest affect the outcome, independently of the other
variables included in the model.

e It is especially useful in analyses where there are many variables and
we want to focus on the net effect of a specific subset.

e |t provides a clear methodology for dealing with multicollinearity and
for better understanding causal relationships in economic data.



Matrices needed to prove the theorem

We need two important types of matrices to understand the algebraic
proof of FWL.

1. Projection matrix P = X(X'X)~1X’
e This matrix, when applied to an outcome vector (y), produces a set

of predicted values ().
e Decomposing this, note that: y = XB = X(X’X)*IX’y = Py.

2. Residual-maker matrix M - the annihilator matrix:

M=1—X(X'X)"'X".

e |t is the complement of Py.
e Since My =y — X(X'X)"'X'y =y — Py
residuals from regressing Y on X.
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Matrices needed to prove the theorem

e Given these definitions, note that M and P are complementary:
y=9+é=Py+ My

e Therefore,
ly = Py + My

| =P+ M.

e With these projection matrices, we can express the FWL claim
(which we need to prove) as:

y=Xipr + Xofo + €

My = MyXof5 + &.



Proof of the FWL Theorem

e Suppose that: Y = Xi 31 + Xo3> + &.

e First, we can multiply both sides by the annihilator matrix of Xj:
MY = MiXi 51 + MiXoa + Mhé

e which first simplifies to: MY = M1X232 + Mqé,
e because My X131 = (I\/I1X1)Bl = 031 =0.

e Second, we can simplify this equation further because, by the
properties of OLS regression, Xj and ¢ are orthogonal.

e Therefore, the residuals of the residuals are the residuals:
MY = M XoB3, + ¢

e This completes the proof.
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Interpretation of coefficients

In general, we are interested in one of the parameters () that we are
estimating. The interpretation of the estimated coefficient in the case of
a multivariate regression is that it indicates the change in the dependent
variable Y from a marginal change in the variable X7, holding all other
control variables (Xa, ..., Xk) constant.
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Simple case

In the interpretation of coefficients, it is important to take into account
in which units the dependent variable (Y) and the control variable that
changes marginally (Xi) are measured.

Suppose we estimate the following specification with OLS:
Yi = Bo+ B1X1i + BoXoi + ... + B Xki + Ui
Let us see the result of increasing the variable X by one unit (AX; = 1)
while holding all the other variables constant:
Y = Bo+ Bu(Xii + 1) + B2 Xoi + . .. + Bk Xki + Ui
In this case, the change in the dependent variable will be:
AY: =Y/ - Yi=p

Therefore, 81 will represent the change in Y; that results from increasing
X1 by one unit while holding all other variables constant. During class we

will see practical examples. -



Functional forms

Even though the linear form of the OLS model specification may seem
very restrictive in principle, it is possible to transform the independent
variables and thereby achieve a better approximation of the relationship
between two variables.

Carrying out transformations makes it possible to obtain an estimate that
is more accurate in statistical terms and more correct in theoretical terms.

To decide which type of transformation is most appropriate to use in
each case, one should consider:
e According to theory, which function most faithfully represents the
relationship between two variables.

e According to the empirical data, which function describes the
relationship among the observed data more accurately.
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Polynomial transformation

In the case of transformations used to generate different functional forms,
it is important to consider that the interpretations of the coefficients

change in important ways.

To begin, consider the case of a polynomial transformation of some
variable of interest. Suppose we estimate the following regression:

Y = Bo + B1X1i + BoXE 4 ... + B Xki + Us

If in this case we want to see the change in the dependent variable Y
from a marginal change in Xi, it is important to note that the variable
X1 appears in more than one term in the estimation. Therefore, if we
want to approximate the effect of a marginal increase in Xj (i.e.,

AX; = 1), we compute the derivative with respect to X:

aYi

= 206> X1
X, B1 4 2B:X1
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Polynomial transformation (cont.)

What the previous equation indicates is that now, because of the
quadratic form, the effect of a marginal increase in X; on Y depends on
the level of X; from which we start. Therefore, the effect will differ
depending on the individual. In particular, the coefficient 31 corresponds
to the change in Y associated with a one-unit increase in Xj conditional
on the initial value of X; = 0. On the other hand, 3, has an
interpretation related to how this marginal effect changes as X increases:

0%Y;
OXZ.

=20,
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Polynomial transformation (cont.)

In the previous equation we can see that the sign of 3, determines the

. 2 . . . .
sign of %. That is, 5, tells us whether the relationship between Y; and
2

i

Xij is concave or convex.

In other words, it tells us whether the change in Y from a marginal

change in Xj is increasing or decreasing.

In the specification we used a polynomial of degree 2. However, we can
use a higher-degree polynomial in the specification. It should be noted,
however, that such a change must be supported theoretically or with
empirical evidence (shown in the data), since as the polynomial degree
increases, the interpretation of any effect based on the coefficients
becomes more complicated.
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Logarithmic transformation

In the case of a logarithmic transformation, the coefficients change in
their interpretation. A particular characteristic of logarithms is that they
cause the variable to which the logarithm is applied to no longer use its
units in the interpretation. This is very helpful in cases in which the units
being used are not easy to interpret or are not universally known (e.g.,
grading scales in a specific country). Instead of using its units, changes in
this variable will be expressed in percentage terms. This is useful in cases
in which percentage changes are common (e.g., monetary variables).
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Logarithmic transformation (cont.)

The logarithmic transformation can be applied both to the dependent
variable and to controls in the estimation. Let us start by seeing how to
interpret the coefficient of some control when the dependent variable is a
logarithm:

In(Y;) = Bo + B1X1i + ... + B Xki + U;

To see how we would now interpret a coefficient, consider the case of (.

First we compute the derivative with respect to Xi:

B, = dIn(Y;)  0Y;/0Xy
YT UoX Y
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Logarithmic transformation (cont.)

In this case, for a change in Xj; of one unit (i.e., AXj; = 1), we have

AYY". To express this as a rate

that 31 represents a change in Y; equal to
(in percentage terms) we multiply both sides by 100 to obtain:

AY; = 1005

Therefore, the correct interpretation of the coefficient ; is that a
one-unit change in Xj; entails a percentage change of 57 in Y;.

Similarly, if we use logarithms on both sides:

In(Y:) = Bo + B1In(Xei) + ... + B Xki + Ui

In this case, 81 would be interpreted as the elasticity of Y with respect to
X1, that is, a percentage change in Xj results in a percentage change in

Y.

19



Dummy variables

Another interesting interpretation arises when the dependent variable is a
dummy variable (i.e., a dichotomous variable X; = {0,1}). In these To
understand the interpretation of the coefficient of a dummy variable, it is
convenient to review what the variable represents in the case of a simple
linear regression. Suppose the dummy variable represents being a woman
(i.e., X1; = 1 if individual i is a woman and Xj; = 0 if the individual is a
man).
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Dummy variables

Suppose we estimate the following regression:
Calif; = o + p1X1i + Ui

where Calif; represents the grade point average of person i. In this case,
the conditional mean for being a woman and a man, respectively, are:

E(Calif; | X1j = 1) = o + b1
E(Ca/If; ‘ X1,‘ = 0) = BQ

Therefore, 31 represents the difference in grades for being a woman
relative to being a man:

By = E(Calif, | Xy; = 1) — E(Calif; | X1; = 0)
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Interactions

Interactions arise from using the product of two variables as an additional
independent variable. In general, this product occurs between two
dummy variables or between a dummy variable and a continuous one.

Interaction of two dummy variables

Consider a model where we want to explain total hours worked based on
the individual’'s sex and marital status. Let Xj; be an indicator variable
for being a woman (Xy; = 1 if i is a woman and Xj; = 0 if i is a man)
and Xp; an indicator variable for marital status (Xy; = 1 if / is married
and Xp; = 0 if / is single). Consider the following model:

Yi = Bo + B1X1i + BoXoj + B3X1i X0i + U
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To understand the interpretation of the interaction coefficient (f3),
consider conditional means again:

A=E(Y; | Xii=0,X;=0)=f

B=E(Yi|X1i=0,Xi=1)= b0+ f2
C=E(Y;| X1i=1,X;=0)=Fo+ 1
D=EY; | Xi=1Xi=1)=po+ b1+ 52+ 53
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Therefore, we have:
Br=B—A

Ba+pB3=D—-C
Bs=(D—-C)—(B-A)

(> represents the extra hours a married man works relative to a single
man. (3> + (3 represents the extra hours a married woman works relative
to a single woman. (33 represents whether being married relative to being
single implies a larger difference for a woman than for a man. Put
differently, it indicates whether the “bonus” in hours worked from being
married is different for a woman than for a man.
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Interaction of a dummy variable and a continuous variable

Suppose now that one of our variables is continuous. Instead of the
married /single dummy variable, suppose we have a variable that indicates
the person’s level of education. We might be interested in analyzing
whether the returns to an additional year of education are similar for men
and women. To do so we specify the following model:

Ing; = Bo + B1Educ; + B> Mujer; + B3 Educ; - Mujer;

In this model Ing; represents a person’s monthly income measured in
pesos; Educ; the education level measured in completed years; and
Mujer; is a dummy variable equal to 1 if the person is a woman.
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Dummy and continuous interaction

Using this model, the returns to an additional year of education for men
are:
E(Ing; | Mujer; = 0) = 5o + (1 Educ;
OE(Ing; | Mujer; = 0)
aEduC,'

= b
Similarly, the returns to an additional year of education for women are:

E(Ingi | Mujer; = 1) = (8o + B2) + (61 + B3)Educ;

OE(Ing; | Mujer; = 1)
(‘9Educ,-

=B+ B3
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